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Abstract
Heavy hadrons are analyzed in a random and dilute gas of instantons. We
derive the instanton-induced interactions between heavy and light quarks at
next to leading order in the heavy quark mass and in the planar approxima-
tion, and discuss their eects on the hadronic spectrum. The role of these
interactions in the formation of exotic hadrons is also discussed.
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I. INTRODUCTION
Hadrons with one or many heavy quarks exhibit a new type of symmetry: invariance
under spin-ip of the heavy quark [1]. This invariance can be used to organize the hadronic
structure and properties of heavy-light systems. A number of relations follow both in the
spectrum and among form factors of heavy hadrons when the mass of the heavy quark is
taken to innity [2].
The interplay between light and heavy degrees of freedom in heavy-light hadrons can be
claried in the heavy-quark limit by combining chiral symmetry with heavy quark symmetry
[3]. The basic observation is to note that the hard part in the heavy quark eld is kinematical
and factorizable. The remaining part is soft and constrained by chiral dynamics. Hence,
the soft physics in heavy-light systems can be analyzed in a way similar to the light-light
systems. A qualitative understanding of this part can be achieved by using QCD inspired
models.
In this paper we discuss the eects of a random gas of instantons and antiinstantons
on mesons and baryons containing one or several heavy quarks. We analyze the correlation
functions of various hadrons with one or many heavy quarks in inverse powers of the heavy
quark mass m
Q
using a succession of Foldy-Wouthuysen transformations prior to radiative
corrections. In section 2, we give a brief summary of the salient properties of some typical
heavy-light systems. In section 3, we show how the heavy meson correlator may be system-
atically analyzed in inverse powers of the heavy quark mass, in the planar approximation.
Recoil and magnetic corrections to both the heavy quark propagator and the heavy-meson
correlator are evaluated at next to leading order in the heavy quark mass. These results are
quantied in the form of eective interactions between heavy and light constituent quarks.
In section 4, we estimate the eects of the induced eective interactions and heavy meson
and baryon spectra. The results are in overall agreement with the constituent quark model
and heavy solitons. We briey discuss similar eects in exotic hadronic congurations. Our
conclusions are summarized in section 5.
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II. GENERALITIES
Throughout, heavy hadrons will be understood as mesons or baryons with at least one
heavy quark. Although we will be interested in taking the heavy quark mass to innity
and then relaxing it, we will in fact specically have in mind for a heavy quark, the bottom
quark b with a mass of 4:7  5:3 GeV, the charmed quark c with a mass of 1:3   1:7 GeV,
and to some extent the strange quark s with a mass of 100   300 MeV.









). In the heavy quark limit, the multiplets are invariant representations of the heavy
quark symmetry group (essentially left spin rotation). Empirically (K;K

) = (493; 892)
MeV, (D;D

) = (1869; 2010) MeV and (B;B
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. The ones with two heavy quarks will be of the
type QQq. Few heavy baryons have already been observed. Organizing them in multiplets















) = 2284; (2455; 253055 [4]
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) = 5641; (:::; :::) MeV. The






) = (2468; 2642:82:2 [5]) MeV and 

c
= 2704 MeV. Heavy baryons with more than
one heavy quark have not been found yet.
The basic principles at work in a heavy light system are best illustrated using a simple
bag model description. If we were to insert a heavy source in a spherical cavity of radius















+ :::. The contribution E
0
refers to the energy of the light quarks
























where the rst term is the recoil of the heavy quark, and the second term is the magnetic
interaction between the average magnetic eld induced by the light quark at the center of the
bag, and the magnetic moment of the heavy quark. While schematic, (1) captures the essence
of the 1=m
Q
corrections in heavy quark physics. Using standard bag model parameters [6],
we have for charmed mesons (recoil, spin)  (400, 20) MeV, while for bottom mesons (recoil,
spin)  (100, 5) MeV [7].
III. HEAVY HADRONS IN AN INSTANTON GAS





description of the QCD vacuum using a random gas of instantons and antiinstantons.
A. Heavy Quark Expansion
Consider the correlation function of a heavy-light meson in the QCD vacuum. In



















= (1; )  (1  
0
)=2  (1; T ) a non-relativistic source with arbitrary avor. Here




much larger than the typical scale of the problem 
QCD





to analyze (2). We perform this expansion using a Foldy-Wouthuysen transformation of the
heavy quark eld [8].






















where r = @   iA and with g (the gauge coupling) set to one. The rst transformation
rescales the momenta, the second eliminates the odd parts, and the third removes the mass
4
term. The successive transformations in (2) are vector-like, unitary and gauge-covariant. In
















































rst term in (5) we recognize the recoil, in the second we recognize spin eect on the heavy














































Mixing between the particle and the antiparticle content of the correlator (7) drops out in






















; x)) j0i (8)
where S is the propagator of the light quark, and S
Q






















being the free part. This construction can be carried out to arbitrary
orders in 1=m
Q
[8,9], given that the heavy quark expansion is not upset by renormalization
[8].
B. Heavy Quark Propagator
The heavy quark propagator (9) may be analyzed in a random instanton gas. In the

































. The sum is over all instantons and anti-instantons and





















































































































































































are  dependent. To proceed further, we













































































































. There is no contribution to 
1
from the spin part  ~ 
~
B. From











' 16MeV from 
1
for a c quark with m
c





is an order of magnitude down compared to the naive bag estimate (1). This
can be understood by noting that in the presence of instantons, the energy of a heavy quark
can be rewritten schematically as












where the factors follow from (13) and (18). (20) is the analog of (1). For the instanton
parameters used, and a charmed quark, (20) yields











60 + 30 + :::

MeV (21)
which shows that the zeroth order shift in the mass is about 60 MeV, while the recoil eect
is about 30 MeV, as expected.








n(x) with an average light quark mass shift M
q
 420MeV [9,11].
C. Heavy Quark Correlator
The correlator (2), written generically as C  hS
S
1
i, receives contributions from both
planar and non-planar graphs and is usually hard to analyze in the random gas approxima-



























The upper script T is short for transpose. Here the spin-avor-color indices are left uncon-
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The inverse correlator (26) allows for an immediate translation to eective interactions.
In the long wavelength limit, the instanton size is small, and a local interaction between the
eective elds Q and q can be derived much like the 't Hooft interaction between the light

















































+ I ! I

(28)
where the color matrices have been explicitly displayed. This vertex function gives rise to






























which is essentially non-local. In the long-wavelength approximation the kernel (28) factor-
izes into two independent kernels as x! x
0
and y ! y
0











































+ I ! I (30)
















































For the detailed construction of the above lagrangian we refer to the Appendix and our
previous paper ( [9]). The rst bracket in (31) arises from the heavy quark part and the



















































Interaction (32) is dominated by the Coulomb-like second term and has a proper heavy





























































' 3 MeV (35)
for a c quark. As a Coulomb-like term in (32), it has a smooth N
0
c
limit for the large N
c
and is attractive in the spin zero, color-singlet channel.
Similar arguments may be applied to the heavy mesons QQ as well. To order 1=m
Q
and











































. The spin eects are
of second order in 1=m
Q









































































































































The phenomenological implications of these interactions on heavy-light spectra will be dis-
cussed next.
IV. HEAVY HADRON SPECTRA
The contributions of the various instanton interactions derived above to the heavy hadron








































 (1350 + 86)MeV. The harmonic potential provides for a simple
mechanism of connement. The instanton-induced interaction H
(2)
, derived from Eqs. (32-
































of the ground state is a function of the reduced mass M , we x our parameters by the size
of the heavy-light system r
qQ
= 0:6 fm. Then the size of the the heavy-heavy system is
r
QQ
' 0:4 fm, and the conning energy is about E

' 250MeV for both of them.
A. Mesons

































































































We recall that M
spin
Q
is down by one power of 1=m
Q








































and similarly for (43). Thus h H
(2)
qQ
i   183 MeV and h H
(2)
QQ
i   103 MeV. These
numbers should be compared respectively to  140 MeV and  70 MeV, as quoted in [9]
using qualitative arguments. The spin corrections are of order h H
2;s
qQ
i '  42 MeV, a result
that is consistent with the constituent Quark Model estimate of   27MeV [15]. The spin

















is the sum of the binding energy E








= 4700MeV, (we take all light avors to be massless). H
(1)
stands for the
induced instanton mass for the light M
q





provides for the extra Coulomb binding energy discussed above the 1=m
Q
hyperne
splitting within the multiplets. Our results are summarized in Table 1. Overall, the results
are in reasonable agreement with experiment and the constituent quark model [15].
B. Baryons
Heavy baryons may be analyzed in similar fashion using the induced interactions dis-
cussed at the end of section 3. First, we note that the analog of the one-gluon exchange in











































and similarly for baryons with two heavy quarks. This interaction is expected to be overall
attractive, thus binding. We note that it scales like N
c
in baryonic congurations. Instantons
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
(48)
This interaction scales as N
0
c
. Although subleading in our previous book-keeping arguments,
we will keep it in our N
c
= 3 arguments.
For baryons, the trial wavefunctions, will be chosen in the form































) are standard Jacobi coordinates. Here
we choose r
qqQ
= 1 fm for the size of the heavy-light baryons. The size of the heavier
congurations will be set to r
qQQ
' 0:86 fm for Qqq and r
QQQ
' 0:7 fm for QQQ. The
conning energy is about E

 500 MeV for all of them.
The addition of one more quark in the baryonic congurations, brings about in the three-
body contribution to the energy an additional overall factor of R
q
for a light quark, and R
Q
















The three-body contribution is repulsive, whereas the two-body contribution is attractive.
Thus, there is a subtle interplay between two- and three-body interactions in the determi-
nation of the overall energy of the heavy-light baryonic systems. For a baryon size r = 1 fm,
R
q
  0:75 and R
Q
  0:06. We note that the results are very sensitive to the size of the
hadron. Indeed, for r = 0:9 fm, R
q
  1, and for r = 0:4 fm, R
Q
  1. In other words,
two- and three-body contributions, become comparable in strength. The size r is xed by
the choice of the potential (47) and is independent from the character of the induced in-
teraction in our discussion. Here, we chose to work with r
qQ
= 0:6 fm for the heavy-light
mesons, and r
qqQ
 1 fm, for the heavy baryons. A smaller size, say r
qqQ
 0:5 fm would
not t the spectrum. Of course, other choices may also be possible, with other choices of
the potential in (40).
13
We present the spectra for heavy baryons in Table 2. Our results are in a reasonable
agreement with experiment and other models. Major uncertainty comes from the 1=N
c
corrections (non-planar graphs) and the approximation for the ground-state wavefunctions.
As we have seen, the rst order corrections were up to 25% of the leading order. Since we are






, one would also expect substantial contributions






The rationale of constructing two- and three-body interactions using instanton induced
eects, can be extended to multi-quark congurations. For example, for QQqq congu-



























































































The overall sign is consistent with the naive expectation, that the n-body interaction follows
from the (n + 1)-body interaction by contracting a light quark line, resulting in an overall
minus sign (quark condensate).
We recall that for each extra light quark, the penalty factor in the energy is R
q
. Starting
with r = 1 fm for three quark states (whether heavy or light), we nd that the radius
r shrinks to 0:93 fm for one additional light quark (four-quark state), to 0:88 fm for an
extra one (ve-quark state), and to 0:84 fm for still another one (six-quark state). For
r = 1 fm, R
q
  0:72, while for r = 0:9 fm, R
q
=  1. It follows that the three-body
interaction (repulsive) will tend to overcome the binding energy provided by the two-body






Qq qqq) and (qqq qqq). In this respect, we agree with the conclusions of [16] that
the H-dibaryon viewed as a six-light-quark state (qqq qqq), will be unbound by the three
body-forces induced by instantons
2
.
Adding a heavy quark brings about a penalty factor R
Q
in the energy. This factor is
0.06 for r = 1 fm, and 1 for r = 0:4 fm. Using the harmonic potential with two light quarks
and four heavy quarks, yield r = 0:8 fm and R
Q
= 0:1. Thus, for heavy six-quark states
the three-body interaction is 10% of the two-body interaction, hence small. In this respect,
if we were to think about the H-dibaryon as a six-heavy-light-quark state (Qqq Qqq) will
not be unbound by the three-body interaction. Similarly, the four-body-interaction will
be expected to be about 1% of the two-body, about the same order of magnitude as the
hyperne splitting discussed above. Therefore we conclude, that the multi-body eects are
only important for multi-quark states near threshold.
We have run specic calculations for exotics containing two and three heavy quarks






QQQqq). With our choice of parameters, we have found that


















Qq+QQq. In both cases the binding energy was found
to be of the order of 10 MeV, in agreement with other models [17] and [18].
V. CONCLUSIONS
We have presented a general framework for discussing the eects of a dilute and random
instanton gas, on the multiquark congurations involving heavy and light avors. Our
instanton-induced interactions obey chiral and heavy quark symmetry to leading order in
the bare heavy quark mass. Recoil and spin eects were explicitly worked out and found to
be small on single quarks.
We have used the instanton-induced interactions to analyze the spectra of heavy-light
2
In Ref. [16] the radius r = 0:5 fm was used in comparison to r = 0:84 fm in our case.
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mesons and heavy-light baryons. The results are in overall agreement with the constituent
quark model results as well as soliton calculations. The role of the three-body force in
multiquark states was also discussed. If the strangeness is viewed as a light degree of
freedom, then the H-dibaryon may be unbound by three-body eects. If on the other hand,
strangeness is viewed as a heavy degree of freedom, then the faith of the H-dibaryon is
controlled by the strength of the two-body forces.
We have analyzed the role of multi-body induced instanton interactions on multi-quark
states and found them to be very sensitive to the size of the states in light systems. The
size of the system is xed by long range conning forces, and thus outside the scope of the
instanton-based models. In heavy systems, the two-body interaction is dominant whatever
the size of the systems considered.
Clearly the present analysis could be extended in several directions. First, the derivation
was based on the planar approximation, and that could be lifted as subdominant eects
may be considered. Second, the spectrum calculations may be rened, by considering more
realistic potentials and trial wavefunctions. A more thorough analysis of the 1=m
Q
correc-
tions could be carried along the lines we have discussed using Bethe-Salpeter construction.
In this respect, it would be interesting to re-investigate directly the present eects on the
various correlation functions. Finally, one could use it to calculate magnetic moments and
other static characteristics of the hadrons.
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APPENDIX A: U - INTEGRATION
Here we present a graphical shortcut to the derivation of the higher order interactions.






























dU = 1. Averaging over color is equivalent to nding all projections
onto the singlets of the group, i.e., P (3
 3)
n
! 1. For small n = 1; 2; 3 the answer can be
obtained by a direct calculation using the method developed by Creutz [19] for averaging
over links in lattice gauge theory. For higher n the color integration using this approach
becomes very involved and leads to cumbersome expressions involving sums of n!
2
strings
of 2n Kronecker delta's. On the other side, since 3 
 3 = 1  8, the problem reduces in
practice to nding all projections of the product of n octets (adjoint representations) onto
the singlet, i.e., P (
8)
n
! 1 for SU(N) with N = 3. The number of distinct projections
A
n












In order to avoid explicit presentation of the indices, we use the diagrammatic technique,
originally proposed by Cvitanovic [20].































(a = 1; : : : ; N
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since averaging over one octet leads to zero. The indices on the r.h.s. follow from the
graphical representation. n = 2 makes use of P
8



































































Contributions to the spin (ij) and color (ab) parts are totally identical, and to simplify the
notation, we retain only the color matrices in our formulae and graphs.
For n = 3 the only new ingredient is the projection of the product of three octets onto






































































































Generalization of the above procedure for arbitrary n is possible due to the classication
of all invariant tensors for SU(3) by Dittner [21]. All of them could be constructed from







































, we can derive the result for
arbitrary n from the graphical representation.
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For n = 4 one can either have two P
8
projections or start with P
8
and then contract





































































































+ d$ f: (A-9)






















 (color  spin) (A-10)
Any other n can be considered in a similar fashion, and since the explicit expression becomes
lengthy, the use of the diagrams helps greatly in analyzing the properties of the derived
formula.
One should keep in mind that not all of possible (f; d) combinations are linearly inde-
pendent and using appropriate relations between them [21], one can reduce their number
to the number (A-2). Our expression have an advantage of being explicitly symmetric. We
have tested the procedure in various ways. One way is to take all possible contractions. For










































The same procedure can be used to check formulae for any n. Another useful check is
the analysis of the powers of N . The leading behaviour must scale like 1=N
n
for any n
as N ! 1. The leading contribution in this limit has a form of the determinant build of
Kronecker deltas, reproducing, in the instanton model case, 't Hooft's result for an arbitrary
number of light avors.
19
REFERENCES
[1] M. Voloshin and M. Shifman, Sov. J. Nucl. Phys. 47, 511 (1988);
N. Isgur and M.B. Wise, Phys. Lett. B232, 113 (1989); B237, 527 (1990).
[2] For a review, see:
H. Georgi, Preprint HUPT-91-A039 [Published in 1991 TASI Proceedings];
B. Grinstein, Ann. Rev. Nucl. Part. Sci. 42, 101 (1992);
M. Neubert, Phys. Rep. C 245, 259 (1994).
[3] M.B. Wise, In Beijing 1993, Proceedings, Particle physics at the Fermi scale, p. 71 and
preprint CALT-68-1860 (1993).
[4] V.A. Ammosov et al., JETP Lett. 58, 247 (1993).
[5] CLEO Collaboration, P. Avery et al., report CLNS95/1352, hep-ex/9508010.
[6] F.E. Close, An introduction to quarks and partons, Academic Press, London, 1979.
[7] I. Zahed, Proceedings of XXXIII Cracow School of Theoretical Physics, Zakopane 1993,
Acta Phys. Pol. B25, 151 (1994).
[8] J. G. Korner and G. Thompson, Phys. Lett. B 264, 185 (1991);
S. Balk, J. G. Korner and D. Pirjol, Nucl. Phys. B428, 499 (1994) and Ahrenshoop
Symp. 1993, p. 315.
[9] S. Chernyshev, M.A. Nowak and I. Zahed, Phys. Lett. B350, 238 (1995).
[10] D.I. Diakonov, V.Yu. Petrov, and P.V. Pobylitsa, Phys. Lett. B226, 372 (1989).
[11] P.V. Pobylitsa, Phys. Lett. B 226, 387 (1989).
[12] G.'t Hooft, Phys. Rev. Lett. 37, 8 (1976); Phys. Rev. D14, 3432 (1976).
[13] M.A.Shifman, A.I.Vainshtein, and V.I.Zakharov, Nucl. Phys. B163, 46 (1980).
[14] M.A. Nowak, J.J.M. Verbaarschot and I. Zahed, Nucl. Phys. B324, 1 (1989).
20
[15] A. De Rujula, H. Georgi, and S.L. Glashow, Phys. Rev. D12, 147 (1975).
[16] M. Oka and S. Takeuchi, Nucl. Phys. A524, 649 (1991).
[17] D.O. Riska and N.N. Scoccola, Phys. Lett. B265, 388 (1991), ibid, B299 338 (1993).
[18] A.V. Manohar and M.B. Wise, Nucl. Phys. B399, 17 (1993).
[19] M. Creutz, J. Math. Phys 19, 2043 (1978).
[20] P. Cvitanovic, Phys. Rev. D14, 1536 (1976); Classics Illustrated - Group Theory,
Nordita Notes, Nordita 1984.
[21] P. Dittner, Comm. Math. Phys. 22, 238 (1971); 27, 44 (1972).
21
Figure Captions
Figure. 1. Basic relation.
Figure. 2. n = 2 contraction.
Figure. 3. n = 3 contraction.
Figure. 4. n = 4 contraction.
Figure. 5. n = 5 contraction.
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Table Captions
Table I. Mesonic spectrum.
Table II. Baryonic spectrum.
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